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Abstract 

In this paper, making use of the’t Hooft-Polyakov-Julia~Zee ansatz 
for the SU{2) Yang-Mills-Higgs gauge field theory, we present the 
straightforward generalization of the Bogomoln’yi equations and its 
several consequences. Particularly, this is shown that this idea is 
able to generate new types of non-abelian both dyons and magnetic 
monopoles and, moreover, that within the new model the scalar field 
can be described through the Coulomb potential, whereas, up to a con¬ 
stant, the non-abelian gauge field becomes the Wu-Yang monopole. 
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1 Yang—Mills—Higgs Equations 


The Yang-Mills-Higgs theory is the non-abelian Yang-Mills theory of the 
gauge held [1] coupled to the Higgs held 93 “ [2]. For the SU{N) gauge 
group, the Lagrangian has the form 

cvMH = ^ , (1) 

where a = 1,..., iV^ — 1 is a gauge group index, and 

F‘,=d^Al-d,Al + gf^AlAl, D, = d,-igTtAY ( 2 ) 

are the strength tensor and the gauge-covariant derivative, respectively, while 
g is a. coupling constant, and are the (antisymmetric) structure constants 
of the Lie algebra su(Y) whose elements are the inhnitesimal generators 
of SU{N) 

[Ta,Tb] = ifab'^Tc, trT„ = 0, T] = T^, (3) 

and SU{N) is produced by formal exponentiation of 5u{N). Furthermore, 

(0|(pV,|0) = = (4) 

m is a mass parameter, and A is a dimensionless constant. The energy density 
■Hymb = ^ (v>>a (5) 

where is the electric held and is the magnetic held 

2 ■' 

induction, is minimized 'Hymh = 0 for the Higgs vacuum 

= = f;, = 0, (6) 

which is degenerated, that is the set of vacuum expectation values of the 
Higgs held forms a sphere on which all the points are equivalent because 
the gauge transformation connects them. Moreover, for (po 7 ^ 0 there is the 
spontaneous symmetry breakdown mechanism SU{N) —)■ The held 

equations for the Yang-Mills-Higgs theory ([T]) are 

D^D^ifa + A (<y3Vc - </3o) = 0, (7) 

d.FI^'^ + gUcAlFr = ( 8 ) 

and the Bianchi identities 


S„Gr + gUAlG^^ = 0. 


are satished for the dual held strength tensor = 


jpa 


( 9 ) 
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2 ’t Hooft—Polyakov—Julia—Zee Ansatz 


Dyon, a hypothetical object carrying a non-zero both electric and magnetic 
charges, was for the hrst time considered throngh Jnlian Seymonr Schwinger 
[3], who applied this model as the phenomenological alternative to qnarks to 
describe a particle analogons to the flavor-nentral meson consisting of a 
charm qnark and a charm antiqnark, known as charmoninm, discovered soon 
later |1]. Particnlarly, the Yang-Mills-Higgs system was considered for the 
case of the SU{2) gange gronp, that is when the strnctnre constants are the 
three-dimensional Levi-Civita symbols Eabc and the inhnitesimal generators 
in the fnndamental representation are given by the Panli matrices aa as 

Ta = -aa- In snch gange held theory, a smooth nonsingnlar solntion to 
the Yang-Mills-Higgs eqnations, arising from the assnmptions of spherical 
symmetry and time independence of both the non-abelian gange held and 
the Higgs held 


A 


a 

k 


1-^(0 

gr 





^0 


i r ’ 


H 

-g^or, 

e 


( 10 ) 


known as the ’t Hooft-Polyakov ansatz, was considered in the pioneering 
papers anthored throngh Gerardus’t Hooft [5] and A.M. Polyakov [6], which 
with the boundary conditions 


A(e^o)^i, i/(e^o)<o(o, i^(e^oo)^o, 

(11) 

is known as the ’t Hooft-Polyakov monopole. In the context of gauge held 
theories, dyons were for the hrst time considered as the solutions to the 
Yang-Mills-Higgs equations through Bernard Julia and Anthony Zee [7], 
who supplemented the’t Hooft-Polyakov ansatz by 

T(f) r°- 

Al = ^ —, J(r ^ 0) ^ 0, J(r ^ oo) ^ Gr, (12) 

gr r 

where G is a constant. The’t Hooft-Polyakov-Julia-Zee ansatz is compatible 
with the Lorentz gauge d^A^^ = 0, which gives 

el^rv'K = 0 , ( 13 ) 

that is P X VA' = 0, and, particularly, is satished through each spherically 
symmetric function K. 
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3 Bogomol’nyi—Prasad—Sommerfield Limit 


The only known analytical solution occurs for the Bogomol’nyi-Prasad- 
Sommerheld (BPS) limit [H |9], that is A —)■ 0. Then, the Higgs held is 
massless but the full gauge invariance remains broken due to its non-zero 
vacuum expectation value. It is easy to see that the energy calculated by ([5]) 


He /1 



flQ y C 


sin Q!c / d^xE^Dkip'^ + cos ac I d^xB^Dkip' 


3^ ok n_ ,^ 0 . 


£ymh ~ J ^ 

+ -^ J d^x — c\/JioHc sin acD^^pa^ (^E^ — c\/JloHc sin a 

d?x [bI - fiohe cos (b'^ - a/po^ccos acDk<p°^ , (14) 


2/ro 


XHc 


where V = the scalar held potential., and 


tan ar = 


qc 

Qm 


( 15 ) 


The minimum of flTT)) in the BPS limit occurs for the Bogomol’nyi equations 


El = c^J pLoHcsinacD^q) a, 
Bl = ^/qioHc cos acD'" (fa- 


(fa 

The Gauss law for electricity for E = E“— gives 

^0 


— I d^xElDkf>^ = I EdS = —, 


q 


^0 


^0 


(fa 

whereas the Gauss law for magnetism for B = B“— leads to 

9^0 


1 


d^xBlDuf>^ 


and, in this manner. 


BdS — jj-oqui 


dvreoc 

q = - C 
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Qm ^ 
c 


C = tanttc. 


( 16 ) 

( 17 ) 

( 18 ) 

( 19 ) 

( 20 ) 


Gonsequently, one receives 


£ymh = Hcifo'd'4:71 a (- sin ac + — cos etc) 
Ve ec / 


XHc 


dV{(f^(fa-^l)\ (21) 
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where a =-— is the hne-structure constant. Through Einstein’s relation 

47r£o^c 

£ymh = Mc^, the effective mass M satisfies the Bogomol’nyi bound 

M ^ —^\/47ra (-sin Oc + — cos Oc) , (22) 

c Ve ec / 

and the equality holds in the BPS limit. For the’t Hooft-Polyakov monopole, 
in the BPS limit, one has 

M = (po\/47ra^^, (23) 

ec^ 

the total energy density of such a solution is 




H = = — 

COS^ etc A^o 

and the Bogomol’nyi equations flT7)l - flT6|l become 

El = 0, Bl = ^/Ji^cD^^pa. 


^0 


sin^ ct, 


■E^ 


(24) 


(25) 


The subject of non-abelian both magnetic monopoles and dyons has already 
met a certain interest, Cf. the Refs. [lO] and references therein. 


4 Generalization of Bogomol’nyi Equations 

Let us generalize the BPS solution to any A. Considering the Yang-Mills- 
Higgs energy in the form £ymh = £ym + £hi where 

Sym = j <ex . (26) 

where 

El = El-cy^caiDkip^-cy^Pi5l, E^, = E^, (27) 

Bl = = (28) 

and 


4“ 

4“ 


e ea I e cA: e s:kj cb 

OlOj^ + 02 |^|2 , 0^ — OabO 

s',K + 


(29) 

(30) 


5 

















and tti, Q !25 /Si, P 2 , ^ 2 , <^2 dimensionless constants, and 

Et 



a \ T~)k, 


( 31 ) 


Sx + /32'51‘sd 1 /^ (oi/liS + a^lhSf) \/fcF-Dn,“, 


where the following consistency conditions hold 

O!^ €^2 ~ 1, 

~ ~ 

i:k I r'2 


+ yC^f = 1- 


(32) 

(33) 


Applying the Ganss laws flTSl) and (IT^ . one receives 

— [ d^x (ai— + 0 ( 2 - 8 ^^ D^ifa = hapoVAna (ai- + 02 —) , 
Ro J \ c J \ e ec J 

and after carefnl calcnlations, one receives 

^YMH = ^-VM + ^COJoV^AtTO ( tti- V OL2 


q 

(y.\ — 
e 

1 

+ 0(2 - ) , 

ec / 

(34) 


j d^xV 

(35) 






The minimnm of fl3^ is not only the Higgs vacnnm, bnt also = 0 and 
B'j^ = 0, giving the BPS limit, or eqnivalently 


Ek = Cy/JI^ [yWcaiDk^p'' + \fV , 


and then the effective mass is 

hifo 


M = 


\/A'xa (ai- + 0 ( 2 —) H— 5 - / d^xV. 
\ e ec / 


If, moreover, this mass identically vanishes, that is 

j S'xV — —hapd^ina (aP + 02 ^—^ , 


(36) 

(37) 

(38) 

(39) 
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and 


then one has the condition 


«! _ _qM 

02 qc 




( 40 ) 

( 41 ) 


which inclndes, as the particnlar sitnation, the BPS limit, bnt in general V 
is not necessary zero. Similarly, for flMj) the particnlar case 

M = ^^\/47ra (ai- + a2—) , (42) 

c V e ec / 

is trne if and only if fHTl) . also for the BPS limit. In general, the bonnd 

M ^ , (43) 

which for a\ = sin ttc, ^2 = cos Oc is the Bogomol’nyi bonnd, is trne for 


J d?xV ^ 0. (44) 

The condition fl3^ gives eight ineqnivalent solntions 

ai = isinctc & 0^2 = ± cos etc, (45) 

CKl = ± cos CKc & 0(2 = ± sin CKc, (46) 


whereas the condition fl3^ presented in the following form 

^ (DS'i + il + HA) + ^ {DSf + 6'i + 26[6',) =1, D = ilil, 
and parameterized as = 1, also leads to eight solntions 


(47) 


A = ± sin (3c & B = ± cos /3c, (48) 

A = ± cos (3c & 5 = ± sin (3c, (49) 


where (3c must not be related to exc in general. Then, one obtains 

^2 = ^1 I -1 ± 


5i = 


D 


-1 ± 



+ 1-D], 6[ = 


D 


-1 ± 


-1 ± 



+ 1-D ,(51) 
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what is consistent for 


2A^ 


2B^ 


2A^ 


2B^ 


6tSt ^ -, 6^ S'/ ^ -, 6tS^ ^ -, mS'/ ^ 

^ D-1’ ^ D-1’ ^ D-1 

The ’t Hooft-Polyakov-Jnlia-Zee ansatz 


. ( 52 ) 


4“ = 


hipo 


J(Or“ 


^ r' ^ 


H(S) r“ h 

, = e=-W, (53) 

^ r e 


leads to the relations 


„^Vo 9 

Ek - 

9 

e 2 ^2 

fufl g 




fy-tCL fy, 

+ JKSl 


Bt = 


^2 , ^dK\ T^Tn ^dK 


1-K^ + ^— 


dU ^ di 




e e 


S^-kh-h 


+ S‘KH 


( 54 ) 

( 65 ) 

( 56 ) 


which, along with fl36D and fl37)l . lead to the system of eqnations for a dyon 


dJ 


dH 


^—-J{K + 1) = aiV^\^—-H{K + l) + 


ldiS2& 


d^ 


d^ 

JK = -aiV^i KH + 


aihgcpQ V he 




/iSie 


aihgcpQ V ne 





C,——+ 1 = a2\/47ra 

d^ 

dK 


V Kc 




(—rr = —a2\/47rQ! ( KH + 


ld 2 S',e [V 


d^ 




a 2 figipQ V he 




( 57 ) 

( 58 ) 

( 59 ) 

(60) 


For the’t Hooft -Polyakov monopole, J = 0, fl57)l . fl58|l . fl5^ and fl60|l are 




KH = 


e /3 iS2 IV^, 




hgipQ ai V he 
e /?i5i [V 


hgipQ ai V he 




— K"^ + 1 = a2\/47ra 

d^ 

dK 


e [ /?2<^2 /^1<^2A 


f^9^l V «2 


(y.\ 

U,^v / 7 j - / /525i 

= -a(2V47ra-— 2 - 

dt, ngifQ \ a2 ai 



he 


e. 





( 61 ) 

( 62 ) 

(63) 

( 64 ) 










































and, therefore, one obtains the solntions 




H = T 


e I3i5i 





hgi^i ai 




Conseqnently, the Higgs field and the gange field are 


f'' = 


«! V he 


= 


G V 




(65) 


( 66 ) 


(67) 


( 68 ) 


whereas simnltaneonsly the scalar field potential V satisfies the following 
differential eqnation 


dV 

~di 


-4 ±4 


^2 + 




3/2 




2 + -^V?e 

(Po V fic 




where we have introdneed the constant 


G = ^ (—A (52 + 5i) - )92 (5'i + 52)1 

% V«i / 


(69) 


(70) 


Interestingly, in the BPS limit, the ’t Hooft-Polyakov monopole is de¬ 
scribed throngh H = 0 and K = ±1. Then, = 0, for K = 1 also = 0, 
while for K = —1 




o,e: 


ik 9 

gr^ 


( 71 ) 


where is the Wn-Yang monopole solving the SU{2) Yang-Mills 

theory withont the Higgs held m- Nevertheless, one can also consider the 
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( 72 ) 


situation wherein G = 0 , or, equivalently 

— (^2 + 5 i ) = — (<^1 + ^ 2 ) • 

0^1 0^2 

Then, the gauge held is either trivial or fl7T|) . while the Higgs held is 




a 


Oil 



and, moreover, the equation fl69|) becomes 


dV _ „ f , (^2 + (^1 ^ 

^ “ V 5i ) r 


(73) 


(74) 


and its straightforward integration gives two possible solutions 


^-(0 


^+(^ 0 ) 


i 

^0 


S 2 /S 1 


5 


i 

^0 


— 2 — 62IS1 


5 


(75) 

(76) 


where ^0 and H(.^o) are the integration constants. However, for the special 
case 62 = —and f + (^o) = ^-(■Co) = one obtained the unique solution 


1/(0 = 1/0 


-1 


(77) 


Kg 


which is the Coulomb potential. In such a situation, taking 0 = — ^ 0^0 

e 

XHc 1 

and Vo =-j, where ro is any initial value of r, which particularly can 

4 

be identihed with a minimal scale, the conhguration of helds is established 
throughout the gauge held given through the solution flTT]) . whereas the Higgs 
held has the following form 


= /Ai:! 

^ 20(1 V ror Tq ' 


(78) 


5 Summary 

We have seen that generalization of the Bogomoln’yi equations is realizable, 
and leads to potentially new results for non-abelian both dyons and magnetic 
monopoles. It should be emphasized that the idea of this paper was based 
on the author’s monograph na, and we hope for its further development. 
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